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The hadronization process that partons fragment into hadrons is very important but still unresolved, and can only be treated by hadronization models up to now. The colour connection plays a crucial rôle to set the "surface" between the Perturbative Quantum Chromodynamics (PQCD) phase and the hadronization one, while the topic related to the colour connection is beyond the approach of PQCD. However, it is argued that some clews can be found by analyzing the decomposition of the colour space of the final partons produced in PQCD phase [1] [2] [3] . For the colour space of the parton system, there are many decomposition ways corresponding to various colour connections, respectively (see, e.g., [4, 5] ). Hence, it is instructive to study the special properties of the final hadrons, which could give information for the evidence of specific colour connections. Such kinds of investigation have been made for various parton systems [6] [7] [8] . One interesting and important example is the (q 1q2 q 3q4 ) system produced via hard collisions. This is the simplest system where many phenomena/mechanisms related to QCD properties could be studied, e.g., (re)combination of quarks in producing special hadrons, influence on reconstruction of intermediate particles (like W ± ) by soft interaction, etc., most of which more or less relate with the colour connections among the four (anti)quarks. In this letter, we first give a brief review of possible colour connections of this system. Then the hadronization of a special case in e + e − annihilation, which has not been studied yet, is investigated. For the sake of this investigation, we also calculate the differential cross section of the process e + e − → q 1q1 + g * → q 1q1 q 2q2 at leading order QCD.
For q 1q2 q 3q4 system, one decomposition way of its colour space is
Another way is In the above two equations, 3, 3 * , 1, 8 denote the representations triplet, anti-triplet, singlet and octet of the Group SU c (3), respectively. The subscripts correspond to the relevant (anti)quark flavours. These two decomposition ways are widely discussed. For instance, when the W ± mass is reconstructed via the process e + e − → W + W − → q 1q2 q 3q4 → 4 jets at LEPII, the colour reconnections contribute a large part of the systematic error [2, [8] [9] [10] [11] . In the e + e − → q 1q1 + g * → q 1q1 q 2q2 process, (q 1q1 ) and (q 2q2 ) cannot be colour-singlets. So generally, in most hadronization models, (q 1q2 ) and (q 2q1 ) are treated as colour-singlets and hadronize independently. This corresponds to the term 1 14 ⊗ 1 32 in Equation (2) [12] .
Besides the above decompositions, one should notice that there is another decomposition way
where 6 13 (6 * 24 ) denotes the representation sextet (anti-sextet) of the Group SU c (3) . For this decomposition, a general picture is adopted. Two quarks in 3* can attract each other and can be treated as a "diquark", when their invariant mass is within a proper range of value. It is similarly for two antiquarks in 3. Unfortunately, the hadronization corresponding to the colour connection displayed in Equation (3) has not been taken into account in the popular hadronization models (see e.g., [13] [14] [15] [16] ). However, this colour connection is crucial in many cases, e.g, baryon productions in B decays and doubly-heavy baryon productions in high energy collisions.
In the exclusive B − meson decay 1 (Figure 1 ), b → W − + c →ū + d + c. dū are from W − decay and cū are originally colour-singlet. They can form π − and D 0 , respectively. This channel is measured with branching ratio (4.98 ± 0.29) × 10 −3 [17] . On the other hand, the c and d can be in colour state 3 * and theūū can be in 3. These two diquarks can respectively combine with a d ord from vacuum to form Σ 0 c andp. This 'signal channel' for diquark fragmentation has also been measured, with a branching ratio (0.45 0.26 −0.19 ± 0.007 ± 0.12) × 10 −4 [18] . Other three body baryonic decay processes such as B − → Λ cp π − (Br = (2.1 ± 0.7) × 10 −4 [17] ) are also induced by diquark fragmentation. Recently, SELEX Collaboration observed the hadronic production of Ξ cc at Fermilab [19] . This is dominated by the production of cc pair in PQCD process, and can also give an unambiguous confirmation of the existence of the diquark fragmentation. Both of the above two examples justify the necessity of the introduction of diquark as well as the colour connection shown in Equation (3) in the hadronization process. However, further quantitative study faces two difficulties: the initial hadronic circumstances and the the wave functions (or matrix elements) of the bound states. We could expect other ways to study this problem. For this aim we investigate the four quark system in e + e − annihilation. The e + e − → h ′ s process at high energies provides a good opportunity to study the colour connections. The initial leptonic environment is the cleanest background. The accumulated / accumulating data, e.g., at Z 0 pole, B factories of KEK and SLAC, etc., could provide sufficient statistics to study the hadronization of four parton states. For the purpose of specifying the colour connection of the four quark system, as well as measuring the corresponding hadron(s), we study the e + e − → ccqq → h ′ s process. Here we use q to represent the light quarks u, d, s. The ensemble properties related to a class of hadrons, e.g., charm baryons, are investigated, so that we can search the quantities which could be measured in experiments. Following this line, we do not need the knowledge of the structure of certain hadron, such as Ξ cc , in detail. The statistics can also be enhanced by studying a group of hadrons.
As mentioned above, the hadronization of the colour connection displayed in Equation (3) has not been considered, especially in e + e − annihilation. However, we can employ the event generator Pythia [14] based on Lund model [13] , to describe the hadronization of the special case that both cq (in 3 * ) and the cq (in 3) have small invariant masses so that they can be considered as diquark. This is just a toy model in which strong constrains on both colour state and phase space are set. Hence, it is worth to investigate the fraction of this special case, and relevant properties, at parton level.
Parton level analysis At leading order QCD, the cross section for the process e + e − → ccqq (Figure 2 ) can be written as
where 1 F is the flux factor, dL ips 4 is the 4-particle phase space volume element and |M| 2 is the spin averaged-summed invariant amplitude square. At the energy of B factory (Here we take √ s = 10.6GeV .), integrating over the phase space numerically, we get the joint distribution d 2 N/(dM cq dM cq ) (taking q = u as an example), which is shown in Figure 3 . In the calculation, the precise structure constant is taken to be 1/137, the strong coupling constant α s = 0.2, the quark masses m c = 1.5GeV and m u,d = 0.33GeV . We see from Figure 3 that the masses of the two (anti)quark clusters can take the value between m c + m q and √ s − m c − m q , and the middle values can be of relatively larger probability. However, the region near the mass of diquark 2 still has mod- erate probability, and when the luminosity is large, absolute event number could be significant. In Figure 3 we have used the integrated luminosity of KEK B factory to estimate the event number.
However, the quark mass is just a free parameter. For charm quark, it is generally to take the value between 1.2 GeV to 1.8 GeV. For light quarks, it is confusing to take whether the current quark mass or the constituent quark mass. Here we use the quark masses set by Pythia for consistency because we will employ the distributions in our toy model based on Pythia. On the other hand, we also investigate the dependence of the cross section on the quark masses. The influence of charm quark mass on the cross section of e + e − → cccc process has been studied by [20] . We reproduce the results of that paper, e.g., the total cross section as a function of the charm mass (Figure 2 in [20] ). Then this four charm process is taken as a reference for the investigation on the e + e − → ccqq process. From Figure 4 , we found that the cross section of e + e − → ccqq process is not as sensitive to the light quark mass (charm mass fixed) as four charm process to charm mass. The reason is simply that we only change the mass of two quarks in the e + e − → ccqq process but change the mass of four quarks in the four charm process. By this way we only want to state that the small light quark mass does not introduce any more dangerous singularities. At the same time, the shape of the distributions for e + e − → cccc ( Figure 5 ) are similar except that the ranges of value are different because of different threshold values. So a similar study on doubly charm diquark fragmentation for four charm process is also plausible. In addition, we just state that in the e + e − → cqcq process, the small light quark masses and the small diquark masses can make the virtuality of the gluon very small (Q min ∼ 2m q ). So there may be infrared problems. At the same time, the cross section of a pair of back to back clusters with small masses may be largely affected by the soft gluon radiation, which needs to be summed to all orders.
It is well known that the polar angle distribution in the e + e − → γ * → ff process, where the f andf are spin-1 2 particles with vanishing masses, is predicted to be 1 + cos 2 θ. For the 2-jet events at energies much smaller than M Z 0 , this will be approximately reproduced for the local parton hadron duality. For the two clusters cq and cq fragmentation, the event shape can be considered as 2-jet like (see the following discussions). So, if the polar angle distribution of this case is much different from the lowest order one and this kind of events is of a soundly part, we can expect to find the signal by measuring the polar angle of the 2-jet like events at B-factories. We have drawn the distribution in Figure 6 , which is clearly different from 1 +cos 2 θ. The polar angle here refers to the angle between the cluster cq momentum and the e − momentum. This distribution is not sensitive to the cluster mass M cq and M cq . One should admit that many reasons lead to the deviation from the 1 + cos 2 θ, such as gluon radiation, intrinsic transverse momentum in hadronization process, etc.. So we do not discuss this distribution at the hadronic level in the toy model, but only provide it here as one possible reason if all the other reasons of deviation can not explain the data.
Hadronization For the e + e − → ccqq process, when M cq and M cq near the mass of diquark, we employ Pythia to investigate the differences in final hadron states corresponding to two kinds of colour connections. One is that cq in 3 * and cq in 3, then the hadronization of the four quark system is treated as diquark pair fragmentation. The other is that cq andcq form two colour singlet clusters, respectively, then hadronize separately. The latter is the standard colour connection in the event generators until now. In the Lund model, there is one string for the first case while there are two strings for the latter (Hereafter we refer to it as '2-string fragmentation'). The hadronization of these two cases are treated by the corresponding subroutines of Pythia. For simplicity, we fix the invariant masses of the two diquarks to be the value set by Pythia. However, for the second kind of colour connection, the inner relative movements between c (q) andq (c) are not fixed and generated with the weight given by the invariant amplitude square discussed in the parton level analysis. It is straightforward that diquark tends to fragment into baryon, which is generally the leading particle. So if the charm baryons from the diquark fragmentation are detected, their spectra are harder than those from the 2-string fragmentation, and those from the general e + e − → cc → charm baryons + X process. This is displayed in Figure 7 (a) by the energy fraction spectra, which is at the B factory energy. Here we take Λ c as an example. For the diquark fragmentation process at 10.6GeV , there are two peaks of the z spectrum, which is different from the other two cases. Obviously, this is caused by mass effect of the diquark cq (or cq). One can expect, for a lighter diquark fragmentation , say, sq(q = u, d), at this energy, or, for the diquark cq at higher energies, the peak at the lower end could disappear, as shown in Figure 7 (b).
It is natural to notice that the diquark-antidiquark pair necessarily leads to baryon-antibaryon pair. So the correlation between charm and anti-charm baryons in the diquark fragmentation could be much stronger than single charm quark fragmentation, in either the 2-string fragmentation or the general e + e − → cc → h ′ s process. We know that, in the latter two cases, the probability for the charm meson production is much larger than that for the charm baryon production. This phenomena can be demonstrated by the baryon (B) antibaryon (B) correlation, defined as,
where N(BB), N B and NB respectively denote the probability for finding BB pair, B andB. We take the correlation of Λ c andΛ c as an example in Table 1 . One can see that the correlation in the diquark fragmentation process is stronger than the other cases by about 10 times. So this quantity could be a good probe for the diquark fragmentation.
The results for other charm baryons, such as Σ c , Ξ c and the corresponding spin-3/2 particles are similar. We do not demonstrate them in this letter.
From the above results and discussions, for the process e + e − → ccqq, it is clear that the diquark fragmentation can lead to differences in the hadron states from the standard one, where the cq and cq are treated as colour singlets, respectively. However, the partonic states we investigate in this letter is a very special case. Hence it is very interesting to study the event shape for the diquark fragmentation, in order to select these special events. The thrust and jets properties are studied here. One finds that the thrust distribution is consistent with the z distribution, i.e., the event shape of the diquark fragmentation is much 'thinner' than those of the other cases (Figure 8  (a) ). At the same time, aware that the diquark fragmentation events are mostly 2-jet like, we only compare the thrust distributions of 2-jet events for the three cases. We use the JADE algorithm with y cut = 0.12. In this case, around 90% diquark fragmentation events are 2-jet. The results are similar (Figure 8 (b) ). Combining these results, we can get some practical suggestions in investigating the colour connections shown in Equation (3) . One can select 2-jet events at the B factory, and measure the thrust distribution, the charm baryon spectra, as well as the charm baryon antibaryon correlation. By comparing the 'standard' results with those predicted here, one may find some signal corresponding to the colour connection that we are interested.
To summarize, we investigate the colour connection and hadronization propertities of four quark states, e.g., ccqq, in e + e − annihilation. It is interesting to point out that besides the normal color structure with two color singlets cq and qc which fragment into hadrons independently in the popular models, there exists another kinf of color structure, as shown in Equation (3) , which has to be taken into account in some cases. For that colour connection, needless to say, the hadronization of the four quarks should be treated as a whole, i.e., they interacting among each other in the hadronization process. In this letter, considering an extreme limit case that cq andcq form two diquarks, we propose a toy model based on Pythia to describe the hadronization of the diquark pair. It is found that the results originated from diquark fragmentation are significantly different from those of the ordinary colour connections. Above all, we expect that our results will be a helpful trial to deepen theoretical understanding of the hadronization mechanism for the general case of the colour connections between partons produced in the PQCD hard interactions.
